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What operator algebraists do

Let G = (V, A) be a finite simple graph with edge set E and
infinite path space Xj4:

= 0a, Ofp, C(Xa)xacN

In fact, Op = O & C(XA) Mo, L N.

Let G be a quantum graph.
» What do associated C*-algebras look like?
» What is their relationship?



A classical graph's Cuntz—Krieger algebra

Let G = (V, A) be a finite simple graph with |V| = n.

Definition
A Cuntz—Krieger (CK) G-family isaset {S;:1<i<n}ina
C*-algebra D such that for each 1 < i <n

» S; is a partial isometry

> 515 =Y A;S;S?
J

> 355 =1

The Cuntz—Krieger algebra O, is the universal C*-algebra
generated by a CK G-family.



A classical graph's Cuntz—Pimsner algebra

Let G = (V, A) be a finite simple graph. The edge set E for G is

E={(v,w):An =1} CV x V (read from right to left).

Definition

The edge correspondence for G is the C*-correspondence
C(E) C C(V x V) over C(V) where for any &, € C(E),
fecC(V), (v,w)e€E:

> (& F)(v,w) = &(v, w)f(v)
> (- (v, w) = f(w)é(v, w)
> (& (v)= 3 &(v,whn(v,w)

V<—w

Can construct the Cuntz—Pimsner algebra Of, which is universal
with respect to covariant Toeplitz representations of C(E).



A classical graph’s Exel crossed product

Let G = (V, A) be a finite simple graph. Define

Xa = {(Vkm Vias ) DV € v, Akik =1Vie N}

i+1

Consider the left shift o : X4 — X4 given by

O—(Vklv Vk27 ) = (sz, Vk3, )

Definition
Suppose G has no sinks. The natural Exel system associated to G
is the triple (C(Xa), o, £) where o, L : C(Xa) — C(Xa) act on
f € C(Xa) by:
> o(f):=foo

> [L(N)](0) = Wl{e}n > f(y) V€ Xa
v€a1({6})

(C(Xa), o, L) gives rise to the Exel crossed product C(Xa) X4, N.



Summary of C*-algebras associated to classical graphs

Graph structure C*-algebra

A Oa
C(E) Og
(XA,U) C(XA) ><Ia7£N

Theorem
If G has no sinks and no sources, then

OA = OE = C(XA) X, L N.



Summary of C*-algebras associated to classical graphs

Classical graphs Quantum graphs
Structure C*-algebra Structure | C*-algebra
A Oa
C(E) O
(Xa,0) | C(Xa) ¥arN

OA = OE = C(XA) X, L N



Quantum sets

Definition

A quantum set is a pair (B, 1)) where
» B is a (finite-dimensional) C*-algebra
> ¢ is a d-form:

Example

Let V be a finite set of order n = C(V) = C".
Let {py, : v € V'} be the basis for C(V), and define

v(py) == % Vv e V.

Then (C(V),1) is a (commutative) quantum set with 62 = n.



Quantum sets (vertices)
d
Let B = € M, (C) with basis {e{”) 1 1<a<d,1<i,j<N,}
a=1

Example
Define ¢ : B — C by

d
1 a
Vx) = z_; NoTr(x(?))  Vx € My(,)(C),

a.k.a., “the right trace.” = (B, %)) is a quantum set w/ 4% = dim B.

Example
If g € B is a density matrix, and each q(®) € My, (C) is invertible

d

with Tr((g(®)=1) = 62, then (x) := > Tr(g(@x) defines a
a=1

5-form on B with §2 = dim B.



Quantum graphs

Definition
A quantum graph is a triple (B, 1, A) where (B,1)) is a quantum
set and A is a quantum adjacency matrix for (B, v):

B BoB S BesB- "B = BB

Example

Let G = (V, A) be a finite simple graph.
= (C(V), ﬁ A) is a quantum graph w/ 6% = n.

Remark: All finite simple graphs can be viewed as quantum graphs.



Quantum graphs

Let (B, %) be a finite quantum set.

Example (Complete quantum graph)
Define A: B — Bon x € B by

A(x) = 8°Tr(x)1p.
Notation: K(B,1))
Example (Trivial quantum graph)
Define A: B— B on x € B by
A(x) = x.

Notation: T(B,)



Quantum Cuntz—Krieger algebras

d
Let G := (B, 1, A) be a quantum graph with B = @ M), (C).
a=1
Definition (BEVW, 2021)
A QCK G-family is a linear map S : B — D giving rise to a family
of operator-valued matrices {5(3) : 1 < a < d} such that for each
1<a<d:

> 5(2) with entries S(ei(ja)) is a matrix partial isometry

> 575 = 5 Abs(b) 5(B)*
b

> (BHINW, 2022) 3 S¥(s\)) = 11

ERN]

The QCK algebra O(G) is the universal C*-algebra generated by
the range of such an S.



Quantum Cuntz—Krieger algebras

d
Let G := (B, 1, A) be a quantum graph with B = @ M, (C).
a=1

Definition (BEVW, 2021)

A QCK G-family is a linear map S : B — D giving rise to a family
of operator-valued matrices {S(®) : 1 < a < d} such that for each
1<a<d:

>

> 5750 = 57 Abg(b) 5(6)
b

> (BHINW, 2022) 3" {5 = 11

a,iyj

The QCK algebra O(G) is the universal C*-algebra generated by
the range of such an S.



Quantum Cuntz—Krieger algebras

d
Let G := (B, %, A) be a quantum graph with B = @ My, (C).
a=1

Definition (BEVW, 2021)

A QCK G-family is a linear map S : B — D giving rise to a family
of operator-valued matrices {S(®) : 1 < a < d} such that for each
1<a<d:

>
> s@)*gla) — ZAgs(b)g(b)*

> (BHINW, 2022) 3~ 5{75(9" = 11
a,i,j

The QCK algebra O(G) is the universal C*-algebra generated by
the range of such an S.



Quantum Cuntz—Krieger algebras

d
Let G := (B, %, A) be a quantum graph with B = @ My, (C).

a=1

Definition (BEVW, 2021)

A QCK G-family is a linear map S : B — D giving rise to a family
of operator-valued matrices {5(3) : 1 < a < d} such that for each
1<a<d:

> 5 = 25 DSy s vi<ij<N,
| 2

> (BHINW, 2022) 3§15 = 11
a,i,j



Quantum Cuntz—Krieger algebras

d
Let G := (B, %, A) be a quantum graph with B = @ My, (C).
a=1
Definition (BEVW, 2021)

A QCK G-family is a linear map S : B — D giving rise to a family
of operator-valued matrices {S(®) : 1 < a < d} such that for each
1<a<d:

> 5 = 25 D(sDysy) vi<ij<n,

> (BHINW, 2022) 3~ 575097 = 521
a,i,j

The QCK algebra O(G) is the universal C*-algebra generated by
the range of such an S.



Quantum Cuntz—Krieger algebras

Definition

A QCK G-family is a linear map S : B — D giving rise to a family
of operator-valued matrices {5(3) : 1 < a < d} with entries

5,.(ja) = S(e-(-a)) such that for each 1 < a < d:

> S = 253’(5“"’) SO wi<ij<N,
> Z( 2y 5£f’ > AT SIS VLS < N,

> Y 5Ps = _
a,i,j
The QCK algebra O(G) is the universal C*-algebra generated by
the range of such an §, {S(elg-a)) 1<a<d,1<i,j<N,}
Remark: these relations are very “coarse"—They do not (as far as
we know) guarantee generators to be partial isometries.



Summary of C*-algebras associated to (quantum) graphs

Let G = (V, A) be a classical (simple) graph and G = (B, v, A) be
a quantum graph.

Classical Quantum
Structure C*-algebra Structure | C*-algebra
A Oa A 0(G)

C(E) O
(Xa,0) | C(Xa) ¥ac N

OA = OE = C(XA) N, L N



Summary of C*-algebras associated to (quantum) graphs

Classical Quantum
Structure C*-algebra Structure | C*-algebra
A Oa A 0(9)
C(E) O ? ?

(Xa,0) | C(Xa) ¥acN

OA = OE = C(XA) N, L N



Quantum edge correspondences

Classically, C(E) C C(V x V)= C(V)® C(V), and C(E) is
generated as C*-correspondence over C(V) by

lg = e = Avwf(v,w) = APy @ Py -
> > >

ecE (v,w)eVxV (v,w)eVxV

Definition (BHINW, 2022)

Let G := (B, 1, A) be a quantum graph. The quantum edge
correspondence E for G is the C*-correspondence

span{x-e-y:x,y € B} CB®y B

over B, where ¢ := %(id ® A)m*(1g). If G is classical, € = 1.



Examples of quantum edge correspondences

Example
Let K(B, 1) be a complete quantum graph. Then ¢ = 15 ® 1, so

E=span{x-1lp®1lg-y:x,y € B} =span{x®y:x,y € B}

is all of B ®y, B.

Example
Let T(B, ) be a trivial quantum graph. Then ¢ = %m*(lg), so

E =span{x-m*(1g) -y : x,y € B} = m*(B),

which is isomorphic to B as B-correspondences.



Summary of C*-algebras associated to (quantum) graphs

Classical Quantum
Structure C*-algebra Structure | C*-algebra
A Ona A 0(9)
C(E) O€ E Oe

(XA,U) C(XA) NaﬁN

Op = O = C(Xa) Mo, N O(G) = Og?



Local quantum Cuntz—Krieger algebras

Question: If G is a quantum graph with quantum edge
correspondence E, is it true that O(G) = Og?

Answer: We're not sure. But we do know...
Theorem (BHINW, 2022)

Let G := (B,v,A) be a quantum graph and let E be its quantum
edge correspondence. Define J(G) to be the ideal in O(G)
generated by the “local relations”

> 3 5(S) S — da=bdi=mS;”

b m c c
> (Sﬁl)) Stg) 53 bér t [Z Aﬁaczsggn)( mr?)

Then
0(9)/4(9) = Ok



Summary of C*-algebras associated to (quantum) graphs

Classical
Structure C*-algebra
A O\
C(E) O
(XA,U) C(XA) NQLN

OA = OE = C(XA) N, L N

Quantum
Structure | C*-algebra
A 0(9)

E Of

? ? >4?7?N

0(G)/4(G) = O€




Exel systems for some quantum graphs

Example (Complete quantum graph)

The quantum edge correspondence E for K(B, 1) was B ®, B, “all
possible edges.”

= The infinite path space should contain “all possible paths.”
Consider the C*-algebra B®N with o, £ : BN — B®N by

> o(f)=1gf

> LhRhR®.)=y(h)hohRO..

= (B®N «, L) is an Exel system.

Theorem (Brannan-Hamidi-I-Nelson-Wasilewski, 2022)

B®N %42 N 2 Ogimp = O(E).



Exel systems for some quantum graphs

Example (Trivial quantum graph)
Recall that the quantum edge correspondence E for T(B, ) was
m*(B) = B, “a loop at each vertex.”

= The infinite path space should just be “infinite loops at each
vertex.” Consider the C*-algebra B with o, L: B — B by

> off)="f
> L(f)=f

= (B, id,id) is an Exel system.

Theorem (BHINW + Others)

B Nid,idN = B® C(T) = O(E)



Infinite path space for a quantum graph

In examples, the C*-algebras on which we defined dynamics came
from E®8N:

» Complete: E =B ®y B
= E®N = (Boy B)®p (B®, B)... = B®N,
» Trivial: E= B
= E®N = BggB®gB... ¥ B.
» General: E is a C*-correspondence over B
= E®8N — 3 C*-correspondence, not a C*-algebra

If E®8N is not a C*-algebra, we don't have the ability to construct
an Exel system, at least not the existing kind.



Cla

Goals (& GOALS)

ssical

Structure

C*-algebra

Quantum

Structure

C*-algebra

A
E

(C(Xa),a, L)

0(9)
O

C(XA) Na,L N

0(G)/J(G) = Ok
= C(XA) NQL N
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