MOTIVATION QUANTUM GRAPHS QUANTUM EDGES LQCK ALGEBRAS SIMPLICITY CONCLUSION

(e]e] [e]e]e]e] [e]e]e} (e]e] [e]e]e]e] (e]e]

Simplicity of Cuntz-Pimsner algebras of
quantum graphs

December 6, 2025

(University of New Mexico),
joint w/ Mitch Hamidi & Brent Nelson (Michigan State University)

Pomona College

Supported by NSF DMS-2603107



MorivATION
[ 1o}

C*-algebras associated to graphs

Let G = (V,A) be a finite simple graph (A € M,,({o,1}) forn = V).

Definition

A Cuntz—-Krieger G-family is a linear map S : C(V) — D satisfying
o SiS?Si:Si VieVv

o Si*Si = ZjeVAiiS]'S;k VieV

) iy SiSi=1

The Cuntz—Krieger algebra O, is the universal C*(S).

Theorem (Rordam ‘94)

Suppose A has no identically zero rows or columns.
When O, is simple, K, (0O ) is a complete invariant.
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The quest for a quantum analogue

To be defined: Let G be a finite simple quantum graph, and let S be a quantum
Cuntz—Krieger G-family.

e There is a (free) quantum Cuntz—Krieger algebra FO(G)
(Brannan-Eifler-Voigt-Weber 22).

e There is a unital quantum Cuntz-Krieger algebra O(G), which is quotient
of FO(G) by a natural unit condition.

e There is a “local” quantum Cuntz—Krieger algebra LO(G), which is a
quotient of O(G) (Brannan-Hamidi-I1.-Nelson-Wasilewski‘23).

Theorem (Brannan-Hamidi-1.-Nelson-Wasilewski ‘23)

Let G be a finite simple quantum graph. When G has no quantum sources the
Cuntz-Pimsner algebra for the quantum edge correspondence Eg is = LO(G).

Starting Goal: Characterize simplicity of LO(G) = Og,.
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Finite quantum sets

Definition
A finite quantum set is a pair (B, ) where
e Bisafinite-dimensional C*-algebra, written B = @Z:I My(a),

e 1 is a faithful state on B (corresponding to a unique density matrix Q € B)
There are canonical maps

o m:L*(B®B) — L*(B) byef”) @ e, + 884y e, and

o m*:1*(B) - L*(B@B) bye[ i ¥, Q el @eit.

We require thatp bea o-form: mm* = §*idy < Tr(Q, ') = &*Va
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Examples of quantum sets

Example
V afinite set, B = C(V) and P (¢;) = |[V| " foralli € V. Here,

m(e; ® ¢) = di—je; and m™ (e;) = [V| (& ® e1),
somm* = |V]id¢g(y.

Example
B = M, and(x) = Tr(x) for allx € M,,. Here, mm* = n*idy, .

Theorem

There is a unique tracial 5-form on any B = 693:1 M, (a)-
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Finite quantum graphs

Definition (Brannan-Eifler-Voigt-Weber‘22)

A finite quantum graph is a triple G = (B, \{, A) where
e (B,1\) isa finite quantum graph such that is a 5-form, and

e A: B — Bisacompletely positive quantum adjacency matrix:

m(A® A)m* = 5%A.

Definition (Weaver ‘21)

A quantum graph is an operator system S C M inside a von Neumann
algebra M which is a bimodule over M.

Proposition (Daws 24)

When M is finite-dimensional and A is self-adjoint and reflexive, these notions
coincide.




Examples of quantum graphs

1. Complete: K(M,,, Tr)

Adjacency Matrix (in basis ej): Operator System:
A(x) =n*Tr(x)1 Vx e M, S =M,

n o ... o

o * * *
o . ... o

. * . *
) n

* : *

2. Trivial: T(M,, Tr)

Alx) =x Vx €M, Operator System: S = CI,

1 o ... o
5 o x o .. O
o (o]
o 1 :

0o x
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Quantum edge correspondence Eg

Define B ®y, B to be the B-correspondence with usual left/right action, and
B-valued inner product: (%, @ y; | X, ® y,) = W (x%, )y, Vx;, 3 € B.

Definition

Let G = (B,\,A) be a quantum graph.
e Define eg := 6 *(idg ® A)m™*(1).
e The quantum edge correspondence Eg is the B-subcorrespondence of

B ®y, Bspanned by {x - eg -y :x,y € B}.

Example

Let (V,A) be a classical graph, so (C(V), [V|™",A) is a quantum graph. Then

=(ld®A) (Ze,®61> :ZAiiei®ej.
Lj

As a functionin C(V) ® C(V) = C(V x V), we have eg = xg
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Definition

Let G = (B,\,A) be a quantum graph.
e Define eg := 6 *(idg ® A)m™*(1).
e The quantum edge correspondence Eg is the B-subcorrespondence of
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Let (V,A) be a classical graph, so (C(V), [V|™",A) is a quantum graph. Then

=(ld®A) (Ze,®61> :ZAiiei®ej.
Lj

Asa functionin C(V) ® C(V) = C(V x V), we have g = xg and Eg = C(E).




Edges for K(M,, Tr)

Recall the complete graph K := K(M,, Tr) has adjacency matrix

A(x) = 4Tr(x)1;, Vx € M,.

Then ex = (id ® Tr(-)1)m*(1) = 1 ® 1, and Ey is the M,-subcorrespondence
of M, @1 M, generated by er:

Ex=Span{x- (1®1)-y:x,y € M,} =M, @ M,.
The picture I might draw for this edge correspondence is K,.

Theorem (Brannan-Hamidi-1.-Nelson-Wasilewski ‘23)

For any finite set (B, ), the local quantum Cuntz-Krieger algebra LO(K(B,\)) is
isomorphic to the Cuntz algebra on dim B generators.

LO(K(B,)) is simple if and only if dim B > 1.
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Local quantum Cuntz—Krieger algebras

Let G = (B,\{, A) be a quantum graph such that is a 6-form and A is cp. For
aunital C*-algebra D, letp: D © D — D denote the mapx @ y > xy.
Definition

Alocal quantum Cuntz—Krieger G-family is a linear map S : B — D which
satisfies

L pideu)(S®S*®S)(m* ®id) =5 *Sm
2. WS*®S8) =02u(S®S*)m*Am
3. u(S®S*)m*(13) = & *1p.

When B = M, and S;; := nS(e;;), these relations are equivalent to:
L. D ) SekSyySpq = 5Om=pStq

2. ) 1 SieSim =0 U(S ® S*)m*Am

3. Zl,m Semszm =1p
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Local quantum Cuntz—Krieger algebras

Let G = (B, 1, A) be a quantum graph such that is a 5-form and A is cp. For
aunital C*-algebra D, letu: D © D — D denote the mapx @ y — xy.
Definition

Alocal quantum Cuntz—Krieger G-family is a linear map S : B — D which

satisfies
L pideu)(S®S*®S)(m* ®@id) = 6 *Sm

2. W(S*®8) =0"*u(S® S*)m*Am
3. u(S®S*)m*(13) = & *1p.

Definition

The local quantum Cuntz-Krieger algebra LO(G) for G is the universal
C*-algebra generated by such a family.

Remark: Computing LO(G) is hard, let alone O(G) or FO(G). Its
isomorphism with O, helps, but challenge remains nonetheless.
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Roadmap for simplicity results

We apply three distinct approaches:

1. The single-vertex (single matrix algebra) case using a result by
Marrero—Muhly.

2. The full-correspondence case: Schweizer’s criterion (minimality +
aperiodicity).

3. The non-full-correspondence case: Condition (S) (Eryiizli et. al.)
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Kraus Decompositions for Completely Positive Maps

Recal: If ©(-) = >, K¢(-)K; for some{K¢} € My,
e then @ is cp (and conversely, @ cp implies it has such a decomposition)

o the subspace Span{K;} of M,, is unique (even if choice of {K;} is not)
e the dimension d(®) of Span{K,} is well-defined

Theorem (Marrero-Muhly ‘06)

Let @ : M,, — M,, be completely positive. Define the M,,-correspondence M, @ M,,
defined as M, @ M,, with usual left/right actions and

<x1 @y | x, ®y2> = d)(x;kxl)yfyz~

Then the Cuntz-Pimsner algebra for M,, @ M,, is Morita equivalent to the Cuntz
algebra on d( D) generators.

We tend to require that our quantum adjacency matrices are cp (equivalent to
being *-preserving for these operators).
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Application to local quantum Cuntz-Krieger algebras

Proposition (Brannan-Hamidi-1.-Nelson-Wasilewski 23)
ForG = (M, Tr,A) we have Eg = M,, @4 M,,.

Theorem (Hamidi-1.-Nelson ‘26)

LetG = (M,, Tr, A). Then LO(G) is simple ifand only if d(A) > 1, and in particular,
ifand only ifA(x) = TxT* for T € M,, which satisfies Tr(Q 'T*T) = n*.

Example

The trivial graph (any automorphism graph) gives rise to non-simple LO(G).

Example

Given any orthogonal (in trace) collection {K,} C M, of cardinality greater
than1, the cpmap A(-) := >, K¢(-)K} is a quantum adjacency matrix with
d(A) > 1,50 LO(M,, Tr, A) is simple.
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Characterization of simplicity for full C*-correspondences

Definition
A B-correspondence Eg is full if the ideal (Eg | Eg) is dense in B.

Proposition (Brannan-Hamidi-1.-Nelson-Waslewski ‘23)

The quantum edge correspondence for G = (B,\, A) is full if and only if the ideal
B - A(B) - Bisall of B. We say “G has no quantum sinks.”

Theorem (Schweizer ‘01)

IfEg is full, then O, is simple <= Eg is minimal and aperiodic.

Proposition (Hamidi-1.-Nelson ‘26)

Suppose Eg is full.
e Egisminimal <= thereisno nontrivial ideal ] <« Bwith A(]) C J.

o IfEg is not faithful (“has quantum sources”), then Eg is aperiodic.
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Ongoing work...

e Determine simplicity of LO(G) for more quantum graphs in terms of Eg
using Eryiizlit et. al.’s Condition (S)

e Compute K,(LO(G)) for simple LO(G).
e Formalize visualization tools for G which give rise to properties of LO(G).

e Compute more examples of LO(G)!
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Thank you!
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